Abstract. The limiting case of the system of equations of two-dimensional gas dynamics in the presence of the Coriolis force, which can be obtained under the assumption of a small pressure, is considered. With this approach, the equation for the velocity vector (transport equation) is split off from the system and can be solved separately. Using the method of stochastic perturbation along characteristics, we obtain an explicit asymptotic representation of a smooth solution of transport equations and analyze the process of formation of singularities of solution using a specific example. It is concluded that the presence of the Coriolis force prevents the singularities formation.
Introduction
The system of equations of dynamics of polytropic gas on a plane in a coordinate system rotating with a constant angular velocity is widely used in meteorology [1] . It has the form: ρ(∂ t U + (U, ∇)U + lLU) = −∇p,
∂ t S + (U, ∇S) = 0,
where ρ ≥ 0, p ≥ 0, U = (U 1 , U 2 ), S are density, pressure, velocity and entropy, respectively. They are functions of time t ≥ 0 and coordinate x ∈ R 2 , L = 0 −1 1 0 , l = const > 0 is the Coriolis parameter. The state equation is
Equations of atmospheric dynamics of a medium scale are reduced to systems of this kind after some vertical averaging [2] , which is possible due to the smallness of the vertical scale compared to the horizontal one. Therefore, the behavior of the solutions of such systems is of great interest. Since the system (1) - (4) is strictly hyperbolic for positive density, the solution of the Cauchy problem (ρ(t, x), p(t, x), U(t, x))| t=0 = (ρ 0 (x), p 0 (x), U 0 (x)) (5) locally in time has the same smoothness as the initial data [3] . However, over a finite time t * the derivatives of solution can go to infinity, which corresponds to formation of singularities of the solution. The exact class of smooth initial data (5), leading to the formation of singularities of a solution to the system (1)- (4) is currently unknown. There are only partial results that allow us to find sufficient conditions for the initial data for which during a finite time, a singularity of the solution arises [4] , or the solution remains smooth for t > 0 [5] . Therefore, there arises the question of models that may be close to the original, but they are easier to study. Such a model can be obtained, in particular, under the assumption of a small pressure. Namely, formally setting p = 0 in the equation (1), we obtain the equations of gas dynamics "without pressure", a non-strictly hyperbolic system in which the equation for velocity (transport equation) is split off. The "pressureless" gas dynamics system is the simplest model of a highly rarefied medium, in particular, intergalactic dust [6] . It is characterized by the fact that delta-like singularities arise in the density component, in contrast to ordinary shock waves. The passage to the limit under the condition of low pressure was strictly justified in [7] for irrotational coordinate system. Similar reasoning can be carried out in the presence of the Coriolis force. Thus, obtaining a solution of the vectorial transport equation
we can find the velocity and entropy components from linear equations (2) and (3). This approach was, in particular, used in [8] , where equation (6) was investigated. Namely, the authors found conditions on the initial data under which the singularity is formed and concluded that the rotation of the coordinate system prevents the formation of singularities. Indeed, an implicit solution to the Cauchy problem (6),
is easy to find (see below). However, the implicit form gives little information about the behavior of solution, in particular, about the nature of singularities. Unlike previous works, will get an explicit asymptotic representation of the solution until the appearance of singularity, which allows us to understand what happens to the solution near the critical time. Our method also allows to calculate this critical time accurately. The main tool is the method of stochastic perturbation along characteristics used in [9] , [10] .
1. Implicit representation of solution of the transport equation
The Cauchy problem for (6) takes the form
The equations of characteristics are the following:
Thus, one can find a complete set of functionally independent first integrals
The implicit form of solution (u, v) of (8) is
This does not allow us to imagine the behavior of the solution.
Criterion of singularity formation
The system (6) is hyperbolic, Thus, the loss of smoothness by a solution can be related to the unboundedness of either the solution itself or its derivatives [3] . As follows from (10), u and v remain boundeded until the intersection of characteristics, that is, while the solution remains smooth. Thus, we must find the necessary and sufficient conditions for the derivatives to go to infinity, and thereby find the class of initial data for which the solution remains smooth for all t > 0.
Assuming C 1 -smoothness of the solution, we can differentiate (6) with respect to spatial variables, obtaining along the characteristics the Riccati equation for the 2x2 matrix Q = (q ij ) with components
For det Q = 0, the change Q = Q −1 reduces (11) to dQ dt = E + lQL [11] . The latter linear equation can be solved in a standard way. Solution (11) has the form
where
. Solution of (11) for detQ = 0 can be obtained from (12) by passage to the limit as D 0 → 0.
Theorem 1.
Assume that initial data (7) ( (9)) belong to the class
holds, then the solution to the Cauchy problem (6), (7) remains C 1 -smooth for all t > 0.
For the proof it suffices to calculate that if for any point (x, y) ∈ R 2 condition (14) is satisfied at t = 0, then the denominator in (12) does not vanish, so the solution remains bounded for all t > 0. Otherwise, the derivatives of solution go to infinity in a finite time.
Corollary 1. For any initial data (7) from C 1 (R 2 ), for which the first derivatives are uniformly bounded, we can choose l so large that the solution to the Cauchy problem (6), (7) remains C 1 -smooth for all t > 0.
Indeed, an analysis of the expression ∆ shows that condition (14) , which guarantees a time-smooth global solution, will always be satisfied for sufficiently large l.
Condition (14) can be rewritten as
A similar result in other terms was obtained in [8] .
3. Representation of a solution based on the method of stochastic perturbation of characteristics
The idea of the method is the following: instead of the variables (x, y, u, v), we will consider their stochastic analogues (X, Y, U, V ), obeying the system of stochastic differential equations (SDE)
where the random variables (X(t), Y (t), U (t), V (t)) belong to the phase space Ω
is the standard two-dimensional Brownian process, σ is a positive constant.
The system (15) differs from (10) by the added stochastic disturbance along particle trajectories.
The Kolmogorov-Fokker-Planck equation describing the probability density P = P (t, x, y, u, v) in the space of coordinates and velocities has the form
with initial data P (0, x, y, u, v) = P 0 (x, y, u, v).
Denote by (û(t, x, y),v(t, x, y)) the mathematical expectation of the velocity (U (t), V (t)) at a fixed time t and fixed value of (X(t), Y (t)). Then
t ≥ 0, (x, y) ∈ Ω. We choose
with arbitrary sufficiently smooth function f 0 (x) to obtain u(0, x, y) = u 0 (x, y),v(0, x, y) = v 0 (x, y).
Function f 0 (x, y) has a sense of probability density of the particle position in space at the initial moment of time, therefore, if we want to connect the system (6) with the continuity equation (2), then we should choose f 0 (x, y) = ρ 0 (x, y).
Denote by λ 1 , λ 2 , ξ 1 , ξ 2 variables dual to x, y, u, v respectively. Equation for Fourier transformP (t, λ 1 , λ 2 , ξ 1 , ξ 2 ) of the solution of the equation (16) has the form
the Cauchy data (19) are transformed as
The solution to (20), (21) is
Performing the inverse Fourier transform, we obtain
According to (18) we finally get
Completely analogously to Proposition 1 ( [10] ) one can show that if the functions u 0 , v 0 and f 0 > 0 belong to the class
, then as long as the solution to the Cauchy problem (8) , (9) remains smooth, the functions (û(t, x, y),v(t, x, y) tend to solve the problem (8), (9) as σ → 0 for every fixed (t, x, y). This conclusion also follows from the results of [12] .
The following theorem sums up our reasoning.
Theorem 2. The classical solution of the Cauchy problem (6), (7) can be obtained by passing to the limit as σ → 0 from the integral asymptotic representation (22).
An example of explicit representation of solution
As the initial data, we choose a vortex solution
2 ) ,
with B 0 = const and µ = const > 0. As shown in [13] , this velocity field is part of the stationary solution (ρ, U) of system (1) - (3) for constant S and the state equation p = c 0 ρ γ , c 0 = const > 0. In this case, the density ρ = π 2γ γ−1 , where
In the case of system (6), (2) this solution, of course, will no longer be stationary, but it can be chosen as the initial data in order to study the formation of singularities. We will be interested in the following questions: To get graphical illustrations, we choose the following values of parameters: l = 1, µ = 1, B 0 = −1.5. For simplicity, we will consider all quantities to be dimensionless. First, find the points of the plane R 2 for which the determinant (13) vanishes first of all, that is,
where ∆ is defined in (14) . For the data (23) this occurs at two points located symmetrically with respect to the origin, their position is marked in Fig.1 with dots.
We calculate the time t * such that det Q(t) vanishes for selected points, t * ≈ 1.9. Fig.1 (left) shows the level lines of the initial datum v 0 (x, y) and the position of the points that generate the singularities in the first place (for example, we chose one of the components of solution). Fig.1 (center) shows the level lines of the function v(t, x, y) found by the formula (22) for σ = 0.1, t = t * and the position of the points in which singularities arises. At these points, as follows from (12) , the derivatives of solution go to infinity. On the right, Fig.1 shows the Lagrangian trajectories found by formulae (10) leading from the initial state to the points of singularities formation, marked with crosses.
Note that u(t, x, y) can be obtained fromû(t, x, y) when passing to the limit, therefore, the level lines give an idea of the behavior of the limit function only approximately. For very small σ drawing ofû(t, x, y) has difficulties associated with the numerical computation of improper integrals.
Conclusion
We study the classical solutions of the two-dimensional transport equation in the presence of the Coriolis force. The class of initial data for which the solution remains smooth for all t ≥ 0 is found. An asymptotic representation of the solution is obtained until the moment of loss of smoothness. The process of singularities formation is considered for specific initial data. Note that the representation of a solution based on the stochastic regularization method is related to the vanishing viscosity method, but its scope is much wider. For example, even in the absence of the Coriolis force, using the Cole-Hopf transform, we can obtain an integral formula for representing the solution only in case of potential flow [14] . The corresponding integral formula based on the stochastic regularization method can be obtained for arbitrary initial data in the presence of various external forces, including the Coriolis force.
